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Approximation of the Boltzmann Equation by
Discrete Velocity Models
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Two convergence results related to the approximation of the Boltzmann equa-
tion by discrete velocity models are presented. First we construct a sequence of
deterministic discrete velocity models and prove convergence (as the number of
discrete velocities tends to infinity) of their solutions to the solution of a
spatially homogeneous Boltzmann equation. Second we introduce a sequence of
Markov jump processes (interpreted as random discrete velocity models) and
prove convergence (as the intensity of jumps tends to infinity) of these processes
to the solution of a deterministic discrete velocity model.

KEY WORDS: Boltzmann equation; discrete velocity models; weak con-
vergence; random mass flow.

1. INTRODUCTION

We consider the spatially homogeneous Boltzmann equation (cf. ref. 6,
p- 26, or ref. 3, p. 392)

ip(r,u)=j dwj de B(o, w, e)[ p(1, v*) p(t, w*) — p(, v) p(t, w)] (L.1)
ot P o2

with the initial condition
p(0, v) = po(v) (1.2)

The symbols dw and de denote the Lebesgue measure on the three-dimen-
sional Euclidean space #° and the uniform surface measure on the unit
sphere &2, respectively. The function B is called the collision kernel. The
objects v* and w* are defined as

v¥=v+ele,w—0), w¥*=w+ele,v—w)
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where v, we #°, ee #?, and (-, -) denotes the scalar product. They are
interpreted as the postcollision velocities of two particles with the precolli-
sion velocities v and w. Equations (1.1)-(1.2) describe the time evolution of
a probability density function p(t, v) on the velocity space #°.

The purpose of this paper is to study the problem of approximating
the measures

AL, dv)= p(t, v) dv

which correspond to the solution of the Boltzmann equation (1.1)-(1.2), by
measures concentrated on a finite subset of the velocity space.

The investigation will be carried out in the following more general
setup. Let (Z, r) be a locally compact, separable metric space (r denoting the
metric) and %4, denote the Borel g-algebra. Let B(Z') be the Banach space
of bounded Borel measurable functions on & with ||| =sup,_, |¢(z)l,
and let C(Z) denote the subspace of bounded continuous functions.
Furthermore, let .#(Z) be the space of finite, positive measures on
(Z, B).

Let Q be a function on & x % x 8, x B, with the properties

0(zy, 25, -, ), Oz, 25, I, - ) e M(Z), Vz,,z,€ %, I'e®B, (13)
Q(, Iy, M)eB(Z x%), VI, l,e®, (1.4)
and
021,25, Z, Z)< Cp max» Vz,,2,€% (L.5)
We consider the equation

d

AR YD

=L ALL [, etz + o) - oz - o)
27 Vol
Q(Zl,zz,dfl,dfz)}l(t,dz,),l(t,dzz), M0)=24, (1.6)

where ¢ € B(Z') and A,e #(Z). The solution A(¢) is a function of the time
variable 7€ [0, c0) taking values in #(%).

First we note that Eq.(1.6) is a generalized weak form of the
Boltzmann equation (1.1)-(1.2).4>'" To see that, one considers & = #°,
and the collision kernel Q of the form

Q(v1, 02, Ty, T) = 1B(o,,03,)6,4(F) 65(T)de (L)

b
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where

v =v t+ele,v,—v,) v =v,+ele, v;— ) (1.8)

and J, denotes the Dirac measure concentrated in z. The integral with
respect to Q on the right-hand side of Eq. (1.6) takes the form

[, 4B 02, )0(01) + 0(03) — 0(01) — p(02)] de

After the substitution of the integration variables (v,, v,) by (vf, v¥) and
removing the test function ¢, one obtains Eqs. (1.1)-(1.2) provided that the
kernel B has the properties

B(Ul’ Vs, e) = B(U2a Uy, e) = B(Uik, v?,_k’ e)
Next we consider Eq. (1.6) in the case 2 = Z'"), where
FWM = (EM L EDY, Ve, i=1,.,N

The solution AV(¢) is determined by its values AV(z, {EM})=: p™M(1),
i=1,.., N. Considering the functions

(Pm(v)=ﬂ{§:']:”}(u), m= 1,..., N
where ¥ denotes the indicator function of a set I, shows that Eq. (1.6) is

equivalent to the system of ordinary differential equations

N

p'" )(t)_ Z [(pm(é(N))_i-(pm(ESN))_(pm(égN))_(pm(é}N))]

ik i=1

x QW(EM, M LEMY {EMY) piM(1) piM(1) (1.9)
pIO0)=2M({EMY),  m=1..N (1.10)

Moreover, one easily realizes that the system (1.9)—(1.10) is equivalent to
the system

d
7 — pi"(t)

=T (@™ L) PN I~ K, ) PO pEV(D)

Sk i=1

(1.11)
pNO0)=AM({EMY),  i=1,., N (1.12)
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where

a™(, j, k, 1)
=3[O™EM, &M {E ) {8 D+ MM, &, {8, {CV‘”})

+Q(N)(65'N)’ é_;-N), {é;N)}, {éLN)})'*'Q(N)(é(N) é(N) {6;’”} { (N)
(1.13)

The system (1.11)-(1.12) is called a discrete velocity model (in the spatially
homogeneous case). It describes the time evolution of the weight functions
p™(1), which correspond to the “discrete velocities” &, i=1,.., N. We
refer to refs. 10 and 12 concerning more details about discrete velocity
models.
In Section 2 we are concerned with the problem of approximating the
solution A(r) of the generalized Boltzmann equation (1.6) by measures of
the form

A1) = Z pMU1) é, ™

i=1

where & in the Dirac measure, and p!™(¢), i=1,.., N, is the solution to a
discrete velocity model of the form (1.11)-(1.13). We construct an
appropriate sequence (Z'™, 24", 0'™) and prove that

lim sup g(A(1), AM(1))=0, VYT>0

Noo 0<tsT

where ¢ is a metric, which is equivalent to weak convergence in the space
ML)
In Section3 we study the problem of approximating the solution
pM(1), i=1,.., N, of a discrete velocity model (1.11)~(1.13) by a stochastic
process. We introduce a Markov jump process (g!™7'(#)). |, where y is a
parameter governing the intensity of the jumps. The functions g™?)(¢) are
interpreted as random weight functions, which correspond to the discrete
velocities ¢V, i=1,.., N. A model of such type was introduced in ref. 5 and
called a random discrete velocity model. We prove that

N
lim E sup ¥ [p™M(0)—g™ (1) =0, VT>0

y— o 0<r<T =]

where E denotes mathematical expectation.
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2. A CONVERGENCE RESULT FOR DISCRETE
VELOCITY MODELS

Let {4™M,..., 4"} be a measurable partition of the space Z into dis-
joint cells, ie.,

4Mea,, AN AN =, i,j=1,.,N, i#j
where & denotes the empty set, and

N
UdaM=2, VYN=1,2,..

i=1
Let EMed™ i=1,., N, and consider the space
FW = (M, Wy (2.1)
with the discrete topology. Define the transformation I'V) as
N
I"M(uy= 3 wdM)dem,  ped(Z) (2.2)
i=1

We consider V(i) as a measure on Z™ as well as a measure on %,
denoting it with the same symbol. Define

I = I™(1,) (23)
and
OMIEM, g {EMY {EMYY=Q(EM, EM, 4™, 4M)  (24)

where 4, and Q are the initial value and the collision kernel, respectively,
of the Boltzmann equation (1.6).
On #(Z), we consider the bounded Lipschitz metric (cf. ref. 4, p. 150)

o(pys 1p)= sup (<o, p ol — <@, 2Dl uy, k€M) (25)
eeB(Z)leollrs1
where
I¢(X)—¢(y)l>
=max | su x)|, su - (2.6)
||¢IIL <reg’lq)( )| .\',yei'l'.p.\'#y "(x,}’)
and

Comy=[ o udy).  ¢eBE), ped(2)  Q7)
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Theorem 2.1. Let p!™(¢), i=1,.., N, be the solution of the discrete
velocity model (1.11)—(1.13) corresponding to F™), 2™, and Q'™ defined
in (2.1), (2.3), and (24), and let 1™)(¢) be the measure-valued function
defined as

N
M) =3 piM(1) gm
i=1

Suppose

lim max  diam(4'")=0, ¥ compact K« & (2.8)

N—w i:AgN)n K# @&

where diam(I)=sup, .. rr(x, y), ' Z.
Let the kernel Q satisfy (1.3)-(1.5) and

|, ], oz +0(z)1 00, dz1, dz) e C@ x 2), Ve C(2)(29)

Then

lim  sup o(A(r), A™M(£))=0, VT>0

N—w 017
where A(r) is the solution of the Boltzmann equation (1.6).

Remark 2.2. Consider the particular case (1.7), (1.8). Assumptions
(1.3)-(1.5) and (2.9) are fulfilled if the function B(v,, v,, e) is continuous in
(v,, v,) and satisfies

B(v,,v,,e)< B (e), VYo, v,eR’, Veed?

where [ B,..(€) de<oco. Thus, a truncation of the collision kernel is
necessary in most applications [e.g., B(v,v,,e)=|(e,v,—1v,)|, in the
hard-sphere case].

To prepare the proof of Theorem 2.1, we describe the representation of
the solution of Eq. (1.6) in form of Wild’s sum."4®'1) Using assumption
(1.5), we introduce a kernel

Qmax(zl’zza rl’FZ)
=Q(Zl’22, rl7 r2)+ [CQ,max_Q(ZhZZ? g9 f‘[)] 5:|(rl)5:2(r2)
z,z,€%, I, [e®, (2.10)
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Furthermore, we define an operator K,.,: #(Z)x M (Z)—> M (Z) as
Kmax(,ul > #2)(r)

=], [, [Qmuzrs 220 1 2+ Qs 220 2, 1)) ) pflzs)
Ui, hheMZ), TeB, (2.11)

We note that, with the above notations, Eq. (1.6) takes the form

d
E <(P, 'l(t)> = <(p’ Kmax(}'(t)> A(t))> - 2CQ,max lo(g)«l’, '1([)>’ ’1(0) = j'0

It is easy to check that there is a unique solution of Eq. (1.6). This solution
is represented in the form

)= Z e~ (1l —e 0Nty | 1e[0, o) (2.12)
where

k
z max vnvk+l—:) k>1 (213)

>¢-|'_

Vi =4, "k+|—

and
C0=2CQ.max20(g) (214)

We assume 4,(Z2°) >0, to avoid trivialities. One easily shows by induction
on k that

V(@) =A(Z),  Vk=1,2,. (2.15)

The series (2.12) converges in the total variation norm.

The Wild sum representation (2.12)-(2.14) shows rather explicitly how
the solution A(¢) depends on the objects %, i,, and Q that determine
Eq. (1.6). First we study the stability of the solution with respect to these
objects.

Let (Z'™) be a sequence of subspaces of 2 endowed with the relative
topology. Note that any measure u on Z'~ has a natural extension /i on
& defined as

MO =M aZ™),  T'eB,
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Let, for N=1, 2,.., AV e #(Z™) and Q'Y be a kernel having the proper-
ties (1.3), (1.4) with & replaced by ‘™. Assume that (1.5) holds uniformly
in N, namely

OM(z), 23, ZM, K Copmans V21, 2,6 ZM, YN=1,2,..
(2.16)

Let K be defined in analogy with (2.11), and let K (u{™, u™) denote
the extension of the measure K™ (u'™, ut™), where p'V), ut¥' e M (F™).
Finally, let A“Y)(¢) denote the solution of Eq.(1.6) corresponding to

(ZW), A0, 0™,
Lemma 2.3. Suppose (2.16) and

Tim QR UD(HE™, 1), Kopae(t1, #2)) =0 (2.17)

for any sequences p{"), ut"' e #(Z™)) and measures u;, p, € #(Z) such
that

hm o(a™, u)=0, i=1,2 (2.18)
If
lim 0(AM, 25)=0 (2.19)
then

lim  sup o(A™(¢), A(1))=0, VT>0

Noow 01T
where A(t) is the solution of the Boltzmann equation (1.6).

Proof. Comparing the Wild sum representations (2.12)-(2.14) of A(¢)
and 1V)(¢), respectively, one obtains

sup o(A™(2), A(1))

0T
(=)
<Y sup  sup e (l—em g, v
k=10<I1<T o<1
_ — iy _ — Mk —1 A(N)
e N1 —em ) T e, T ) (2.20)
where
N)_ (v N
vV =2g", v = max (VL V), k=1 (221)

l—l
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and
M= 2C,, max AN(Z M) (2.22)

The series on the right-hand side of (2.20) has a majorant uniformly in N.
This follows from (2.22), (2.15), and the fact that

lim AM(@™)=1y(Z) (2.23)

N—oow
which is a consequence of (2.19). Thus, it is sufficient to prove

lim s{™ =0, vk=1,2,..

N—-

where s{¥) denotes the elements of the series on the right-hand side of
(2.20). One obtains

S < olvi, #Y)

+supl(N)(g’(N)) sup le—cor(l —col)k—l —c{)N’r(l —c},”'r)k—ll

0T

(2.24)

The second term on the right-hand side of (2.24) tends to zero as N — oo, since
the sequence of functions exp(—c§{M¢)[1 —exp(—c{™t)]*~"' is equicon-
tinuous on [0, T'] and tends to the function exp(—cot)[1 —exp(—cot)]* 7,
for each e [0, T, because of (2.22) and (2.23). Thus, it remains to show
that

lim o(ve, ¥M)=0, Vk=1,2,. (2.25)

N—w

This is done by induction on k. For k=1, (2.25) follows directly from
(2.19). Considering the definitions (2.13) and (2.21) of v,,; and v{%,,
respectively, as well as (2.11), (2.15), and (2.14), shows that

1 k
A N N N
Q(vk+l’ "Z’\Ql) k Z max(vn VA+l—l) K:na)x(v( ) v§(+)l—-l))

I PP (2.26)

+’1
Co

The second term on the right-hand side of (2.26) tends to zero as N — o,
because of (2.22) and (2.23). The first term tends to zero, because of the
induction hypothesis and assumption (2.17), (2.18). |
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The next two lemmas prepare the application of Lemma 2.3 to the
special sequence (Z™), 1{M), §™) defined in (2.1), (2.3), (2.4).

Lemma 2.4, Let the kernel Q satisfy (1.3)-(1.5) and (2.9).
Then the operator K, defined in (2.11) is continuous with respect to
weak convergence.

Proof. One obtains from (2.11) and (2.10) that

<§0, Kmax(iul, .u2)>

=Lz L’ {‘[’2’ Lz Lo(Z) +0(22)] Qumaxlzy, 22, dZ), dfl)} uy(dz ) py(z5)
=L L {LY L Le(G))+@(2,)] Oz, z,, dZ,, dZ,)

+ [CQ.max —0(z1,25, Z, Z)]lo(z,) + (P(Zz)]} mldzy) py(dz;)

and the assertion follows. |

Lemma 2.5. Suppose assumption (2.8) is fulfilled. Let u'™,
pe (%) and limy_, . o(u'™, u)=0. Then

lim o(I*™(u'™), u)=0
N—ow

where 'V is defined in (2.2).

Proof. The triangle inequality shows that it is sufficient to prove

lim o(I'"™(u™), p™)=0 (2.27)

N-ow

Let K< & be a compact set. Taking into account definitions (2.5)-(2.7), we
obtain

sup <o, I'M (™) — Lo, u'™)]

lolle<1
< su ) I ™" (dz) — z) u""Ndz H
"q,",_lil Py {L:N; ®(z) (u')(dz) Lf”’ o(z) u'™(dz)
+ su 2) I (™M) (dz) — z) u™(d. }
||‘P||L21 izdgN’,,ZK=g {L;mw( ) I (M dz) Lf.”’ @(z) p'"(dz)
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<swp ¥ [ 1e()— e(EM)] aVidz)

tolle<1 g™ ke 4

+ Z Z#W)(Aﬁ.”))

dMn k=
s( max  diam(4 5.'“)) UN(F) + 20N 2\K) (2.28)
idMAkx g

Assertion (2.27) follows now from (2.28), assumption (2.8), and the tight-
ness of the sequence (u‘V'). |

Proof of Theorem 2.71. In order to apply Lemma 2.3, we check
conditions (2.16)-(2.19). Condition (2.16) follows directly from the defini-
tion (2.4) and assumption (1.5). Condition (2.19) is a particular case of
Lemma 2.5, because of (2.3). Finally, we note that

K04, ) = T K e (15, 14

max

where pi™), uiM e # (™), because of (2.4). Thus, condition (2.17), (2.18)
follows from Lemma 2.5 provided that

Nli-l:noo Q(Kmux(l'l(lN)7 ”(ZN))’ sz\x(ul’ .ul)) =O
if

hm Q(MEN)’ dui)zoa 1=1>2
N—

This is a consequence o Lemma 2.4 and assumptions (1.5) and (2.9). |}

3. RANDOM MASS FLOW AND DISCRETE
VELOCITY MODELS

We introduce a Markov process Z(1)=(g'™)(t))¥_, with the state

i=1

space [0, C, a1V, where C 2.max > 0, and the infinitesimal generator

N
(D)D)= Y DWIZ i, j kN DINNE Lj kD) —-D(Z)]  (3.1)

fjkd=1

where Z=(g;,..gy), =1 is a real number, and @ is a bounded
measurable function on the state space. The mapping J*¥?) is a jump trans-
formation defined as

[J(N'}.)(Z-a i, jv k’ 1)]"1 =8m + G(N')‘)(Z_5 i’ js k’ l)[l//k,m + lpl.m - l)l’i,m - lp_i.m]
(3.2)

822/78/5-6-24
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where
Yim=0, i#m, vi=1 im=1,,N (3.3)

and G is a function governing the weight transfer. We assume

GG, L k, 1)<{’1nm(g’ g i (3.4)
18 if i=j
where Z=(g,,., gy) and i, j, k,/=1,.., N, so that the components of the
process remain positive. Note that mass is preserved, i.e.,

N N
Y g™y =3 g™(0), Vi>0
i=1 i=1
The function D'™?), expressing the intensity of the jumps, is assumed to be
measurable and bounded in z.

The process Z(t) is a jump process, which models a random mass
flow. The waiting time between successive jumps has an exponential dis-
tribution with a parameter which is determined by the function D™7),
Each jump is characterized by random indices i, j, k, /. During the jump, a
part of the weights g;, g;, which is determined by the funtion G*'¥), is
transferred to the weights g, g,.

Theorem 3.1. Let p™(1), i=1,.., N, t>0, be the solution to a
discrete velocity model (1.11)-(1.13).

Let the parameters D'™? and G of the stochastic process Z(t)
be related to the parameter Q'™ of the discrete velocity model via the
condition

D™INZ, i, j, ke, 1) GWINE, b, j, k, 1) = QMWEM, M, (MY, {EM)) g1 g
Vy=1,  Vi=(giwgn) VijikI=1.,N (3.5)

Let the funtion G™?) satisfy (3.4) and

1
Gz, i, j,k,l)ng‘max;, Vy=1, Vi Vijkl=1.,N (3.6)

If

N
lim E 3 [pi™(0)—g{""(0)| =0 (3.7)
T =1

then

N
lim E sup Y [p™M(1)—g™P(1) =0, YT>0

YO 01T =
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Remark 3.2. There are considerable degrees of freedom in the
choice of the parameters D™") and G*'*) of the stochastic process Z().
We mention as an example the functions

1 Lo
G(N'y)(f, i, j, k, [)=_igf_
Y8t g

and

D(NJ’)(Z‘, i’ j) ka l) = '}’(g,’*‘gj) Q(N)(EEN)i éj('N)a {CZN)}a {CSN)})

where 2= (g,,.., gy) and i, j, k, [ = 1,..., N. Obviously, conditions (3.4)-(3.6)
are fulfilled for the above functions.

Remark 3.3. The dependence of the functions D™ and G™* on
the parameter y may be rather general provided that conditions (3.4)-(3.6)
are satisfied.

The effect of y becoming large can be described as follows. The part of
the weights which is transferred during each jump decreases according to
condition (3.6). On the other hand, the intensity function D'™*) increases
according to condition (3.5), and so does the parameter of the waiting time
distribution. Thus, when y becomes large, the mean number of jumps on a
given time interval increases, while the amount of weight transfer during
each jump decreases.

Consider the example given in Remark 3.2. In the particular case

Q(N)(ff-N), f,(-N), g’(N), g(N)) =const = CV)

the parameter of the waiting time distribution is

N N
Y, D™k D)=y Y (gi+g) CM=yCM2NIV(Z ™)

ik i=1 iLj=1

so that the expected value of the waiting time between two jumps is
proportional to 1/y.

Proof of Theorem 3.1. We use the following martingale representa-
tion for Markov processes (cf., e.g., ref 4, Chapter 4, Proposition 1.7).
Let @ be a function from the domain 2(A4) of the generator &/ (i.e., an
arbitrary bounded measurable function in our case). Then

B(Z(1) = PZ(0)) + | A(®)Z(s)) ds + M(1) (38)
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where M(¢) is a martingale. Moreover, if ®?e (), then
E[M(t)]:'-:EJ [ (D) — 204(D))(Z(s)) ds (39)
0

We will apply (3.8), (3.9) to the process Z(r) with the generator (3.1).
Consider a function of the form

D(Z)=) g, Z=(8(r8N) (3.10)
i=1

where @ e #” is a fixed vector. Notice that
¢(J(N'T)(E’ ia j: ka l)) = ¢(‘:) + G(NJ’)(‘:’ i$ j’ k7 1)[(pl\ + Q= @, — ‘P_/] (31 \ )
according to (3.2), (3.3). Thus,
N
A(@ND)= ). DN j k)G j kD ew+ 0,— ¢ — )]

ik =1
N

= ) OWEM, EM LEMYL {EM N o+ o—0i—0;18:8;

ijok =1
(3.12)
according to assumption (3.5). It follows from (3.11) that
DT NI(E, i, k, 1))
=@H2)+2P(2) Gz, i, j, k, 1)
x[ox+ 0= 0, — @+ (GG 0k DV Lor+ 01— 0i— ;17
and, consequently,

A (D*)(2) =29(2) o (P)(2)

N
+ Z D(N.r)(z-’ i, j, k, 1)[G(N.‘/)(z", i, j, k, [)]2

ijokd=1
X[‘Pk+¢l_¢i_(f)j]2 (3.13)
From (3.13), (3.5), and (3.6), we obtain the estimates
| (D?)(2) - 20(2) A (D)(Z)|
N
<l6max @) ) QW(EM, &M (M} {EMY}) g, 8,G Mz, 0 ), k, 1)

i jkd=1

1 N 2
<16 m_ax |(pl| Cg,max ; CQ‘M,max < Z g:)

i=1
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and, using (3.9),
2 1
E[M(1)]° < 16 max [o] Nz[C‘,’,,mx]3 ; C o™ max ! (3.14)

Using the vectors ¢!™ =4,,;, m,i=1,.., N, where the symbols ¢, ; a
defined in (3.3), one obtains from (3.8), (3.10), and (3.12)

N

gm )(t)_gir{\,y)( )+[()I Z [wm.k+l//m.l_lpm,i_l//m.j]
YO g k=1
x QWEM, e, {EM Y, (€M 1) g1 (s) gV (s) ds + M, (1)

(3.15)

Comparing (3.15) with (1.9), one obtains the estimate

1P (1) = g (0
<|p(0)— g, "(0)]

+ jo 4 CQ(N)lex g max Z |p{N)(s :N‘N(s)l dS+ |M'"(t)|

i=1

(3.16)

Taking the sum with respect to m in (3.16) and applying Gronwall’s
inequality, one obtains

N
> ™) — g

i=1

< exp(ch(‘W max Cg,maxNzt)

N
[z P(0)— g™ I(0)] + 3 |Mi<r)|]

i=1 i=1

After taking the supremum with respect to € [0, T'] and the mathematical
expectation, the assertion of Theorem 3.1 follows from (3.14), (3.7), and the
martingale inequality. |}

4. CONCLUDING REMARKS

Theorem 2.1 provides a rather general solution to the problem of
approximating the Boltzmann equation (1.6) by discrete velocity models.
This result was possible, since we have neglected the properties of con-
servation of momentum and energy. These properties are fulfilled only
approximately for the discrete velocity model defined in (2.1)-(2.4). The
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difficulties connected with the “closure problem” for discrete velocity models
were discussed in detail in ref. 5. We refer to refs. 7 and 9 concerning the
construction of discrete velocity models possessing conservation properties.

Theorem 3.1 provides a simple stochastic process approximating the
solution to a discrete velocity model. This process can be applied for solving
a discrete velocity model numerically. To this end, the exponentially dis-
tributed waiting time between the jumps should be approximated in an
appropriate way. Such a procedure was discussed in some detail in ref. 13,
where Bird’s DSMC algorithm was treated.

The application of the numerical algorithm based on Theorem 3.1 to
the spatially inhomogeneous Boltzmann equation is straightforward if one
applies the usual technique of splitting the free flow and the collision
simulation. However, as far as numerical applications are concerned,
conservation properties of the algorithm become essential.
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